The time evolution of the flow parameters in a system where gas is expanded from a high pressure chamber through a tube toward a low pressure chamber is investigated. During the process, the pressure in the two chambers is changing in the opposite direction, while the flow rate is reduced until the system reaches its equilibrium state. Rarefied conditions may be present. Based on the observation that the characteristic time in the chambers is several orders of magnitude larger than that in the tube, the evolution of the flow is modeled in a hybrid manner. At each time step, based on kinetic theory, a steady-state flow configuration is solved to estimate the amount of gas passing through the tube (micromodel) and then the pressure of the two vessels is updated by applying the mass conservation principle and the equation of state (macromodel). The pressure and the flow rate variation with respect to time are provided for several time-dependent configurations and the dependency of the results on the initial Knudsen number and pressure ratio as well as on the length of the tube is analyzed. The proposed methodology, which is applicable when the volume of the chambers is significantly larger than the volume of the tube, is valid in the whole range of the Knudsen number and computationally very efficient.
I. INTRODUCTION
Steady-state rarefied gas flows through tubes of variable length and cross section have attracted considerable attention over the years. In the case of long channels, the flow depends on the Knudsen number and the type of the cross section, and linearized kinetic model equations 1,2 have been applied with great success, providing accurate results with minimum computational effort. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] In the case of channels of finite length, in addition to the above parameters, the pressure ratio and the length of the channel, as well as the end effects, are introduced in the investigation, increasing significantly the computational effort. However, both the direct simulation Monte Carlo (DSMC) method [13] [14] [15] [16] [17] and deterministic linear and nonlinear kinetic modeling [18] [19] [20] [21] [22] [23] [24] [25] have been successfully applied to provide accurate results.
Time-dependent rarefied gas flows, despite their theoretical and practical importance, have received much less attention. Obviously, the involved computational effort is increased since the time dimension is added in the simulations. Applications where the implemented rarefied flow conditions are dynamically changing are very extensive and include processes in high energy and fusion facilities, space instrumentation, filtering, CD/DVD metallization, vacuum gauges, mass spectrometers, vacuum metrology, leak detection, MEMS, etc.
Recently, there is some effort in simulating timedependent internal rarefied gas flows. The oscillatory slip flow 26 and the unsteady fully developed flow 27 in long channels have been modeled based on the Navier-Stokes equations subject to slip boundary conditions and the linearized Bhatnagar-Gross-Krook model equation, 28 respectively. In addition, based on the DSMC method, the transient flow of a rarefied gas through an orifice and a short tube has been simulated. 29, 30 Also, the unsteady flow through a slit 31 has been modeled in a deterministic manner based on the nonlinear Shakhov model. 32 In most of these cases, however, the flow configuration consists of two large reservoirs connected by a channel, and it is assumed that far from the channel inlet and outlet, the upstream and downstream conditions remain constant. The computational size of the upstream and downstream domains is taken large enough in order to justify this assumption, but still much smaller than the actual size of the reservoirs, while throughout the time evolution of the flow (including the final equilibrium state), the computational boundaries remain open, i.e., particles are moving in and out. The characteristic time is defined as the ratio of a characteristic distance (e.g., the radius of the orifice or the tube) over the most probable molecular velocity, and it has been found that in the case of short tubes the time needed to reach steady-state conditions varies approximately from few up to 50 ls. 29, 30 This type of time-dependent flow is not easily detected and measured with the available instrumentation, where successive measurements may be done in time intervals of milliseconds.
Another time-dependent flow configuration, which likely is of more practical interest, is when the upstream and downstream pressures are changing with time. In this system, initially, the pressure in the upstream and downstream chambers is different, and then due to a valve opening, a timedependent gas expansion from the high pressure chamber through the tube toward the low pressure chamber is evolved. During this process, which may be in the whole range of the Knudsen number, the pressure in the upstream chamber drops and in the downstream raises until they a) Electronic mail: diva@uth.gr become equal to each other, while the flow rate has a maximum value immediately after the valve opening and then is monotonically reduced. This time-dependent flow configuration is used in a recently built calibration facility where the response and relaxation times of vacuum gauges due to pressure changes are measured. 33, 34 It is important to note that modeling this flow configuration based solely on kinetic equations or DSMC simulations is computationally impractical mainly due to the size of the computational domain, which now must include the whole volume of the two chambers, in connection with the required very small time step. Reasonable arguments taking advantage of the specific characteristics of the flow must be drawn in order to introduce acceptable simplifications in modeling and greatly reduce the computational effort.
In this framework, very recently, based on the infinite capillary theory, a general approach has been introduced to model this time-dependent flow configuration in the case of the two chambers connected with a long tube. 35 The wellknown methodology for establishing the steady-state mass flow rate and the pressure distribution in long channels [5] [6] [7] is extended to the case of unsteady flows, and a partial differential equation for the unknown transient pressure variation along the tube is deduced and numerically solved, based on numerical results obtained by the fully developed stationary kinetic equations. The results include the tube pressure variation in time and space as well as the pressure variation in the two chambers and are valid and accurate in the whole range of the Knudsen number. In this flow configuration, since the capillary is infinitely long, the volumes of the capillary and the chambers as well as the corresponding characteristic times are of the same order.
In the present work, we consider the same unsteady flow configuration where, however, the two chambers are connected with a tube of finite length. To model this flow, we introduce an alternative methodology, while certain issues of the above described approach are applied. Since now the volume of the tube is much smaller than the volume of the chambers, the evolution of the flow is modeled in a hybrid manner. At each time step, based on kinetic theory, a steadystate flow configuration is solved to estimate the amount of gas passing through the tube (micromodel), and then, the pressure of the two vessels is updated by applying the mass conservation principle and the equation of state (macromodel). Based on this approach, the variation of the pressure in the chambers and of the flow rate through the tube with respect to time is provided for several configurations. The dependency of the results on the initial reference Knudsen number and pressure ratio, as well as on the length of the tube is analyzed. It is noted that a hybrid methodology exploiting time scale separation has been also proposed for microactuators modeling. 36, 37 The theoretical background and a detailed description on the advantages of such hybrid type simulations are given in a recent paper, 38 where several multiscale methodologies are analyzed.
II. STATEMENT OF THE PROBLEM
The system configuration that is examined is presented in Fig. 1 and includes two chambers connected by a tube of finite length L and radius R. The two chambers, denoted by A and B, have large but finite volumes V A and V B , respectively. The volume of the capillary is negligibly small compared to the volume of the chambers.
Initially, at time t ¼ 0, the pressure and temperature in the two vessels are denoted by P
The gas rarefaction, at time t ¼ 0, in the two vessels is characterized by the initial Knudsen numbers defined as
, with R g denoting the gas constant, are the viscosity and the most probable molecular velocity at temperature T 0 ð Þ i . Here, at time t ¼ 0, we consider without loss of generality, P
Then, the valve in the inlet of the tube is rapidly opening, and the time-dependent gas expansion between the two finite volume vessels is evolved. During the process, the pressure in the upstream vessel A is reduced, while in the downstream vessel B is increased up to the point where the two pressures become equal to each other. In parallel, the mass flow rate _ M through the tube has its maximum value at the largest pressure difference immediately after the opening of the valve and then gradually is decreased as the pressure difference between the two vessels is reduced, and it finally becomes zero when the pressure difference is also equal to zero. The objective is to compute the pressure and temperature evolution P i t ð Þ and T i t ð Þ, i ¼ A; B in the chambers, as well as the mass flow rate _ M t ð Þ through the tube with respect to time for t > 0.
III. HYBRID MODELING
It is clear that processes in the chambers and in the tube are coupled. However, the volume of the tube is taken to be much smaller than the volume of the chambers, and as it will be shown in Sec. III A, the same applies for the corresponding characteristic times. These observations imply that the distance and the period over which the macroscopic quantities may vary are significantly smaller in the tube than those in the chambers. Thus, it is reasonable to exploit the space and time scale separation and to implement a hybrid model. 38 In particular, the evolution of the macroscopic quantities in the chambers at time t þ Dt, where Dt is the macroscopic time step, are predicted by a simple macromodel where mass conservation is applied. The mass flow rate of the gas passing through the tube at time t has been computed by a micromodel, which is based on a suitable kinetic solver. An explicit-type coupling of the two models is applied, i.e., the micro and macromodels are applied successively (not simultaneously). The two models and their coupling process are described below.
A. Flow through the tube (micromodel)
At time t, based on the current upstream and downstream pressure and temperature, the rarefied gas flow through a tube of finite length L and radius R is simulated to compute the mass flow rate. The computational domain, shown in Fig. 1 , consists of the tube plus the inlet and outlet cylindrical volumes adjacent to the tube ends, defined by (R 1 ; L 1 ) and (R 2 ; L 2 ). These volumes are large enough to ensure uniform conditions at the boundaries but much smaller than the volumes of chambers A and B. The case of purely pressure driven flow, i.e., when the temperature in the two chambers is the same, has been thoroughly studied via kinetic theory and numerical results in the whole range of the Knudsen number have been reported in the literature, based on both the DSMC method [14] [15] [16] [17] and on deterministic kinetic modeling. 22, 23, 25 The dimensionless solution depends on three parameters, namely, the reference Knudsen number, the ratio of the downstream over the upstream pressure, and the ratio of the length over the radius of the tube. The case of flows driven both by pressure and temperature gradients have also been studied, [39] [40] [41] and the solution still depends on the same three parameters as before plus the temperature distribution along the tube wall and the ratio of the downstream over the upstream temperature which must be provided.
These parameters in the present notation are the Knudsen number
, the pressure and temperature ratios P B =P A and T B =T A , respectively, and the tube ratio L=R. Once these parameters are specified, the kinetic solver is applied at time t, to yield the dimensionless flow rate W ¼ W Kn A ; P B =P A ; T B =T A ; L=R ð Þ , which is connected to the mass flow rate _ M according to
where
is the mass flow rate through an orifice at the free molecular limit. 5 Then, it is readily seen that
The characteristic time of this flow is defined as the time needed to cross the tube radius with the most probable velocity, i.e.,
Typical characteristic times are in the order of 10 À6 s. It has been found that the time needed to establish steady-state conditions varies, depending on the flow parameters, approximately from 5 up to 50 characteristic times. 27, 29, 30 For example, in the case of helium flowing through a tube of a radius R ¼ 1 mm, the characteristic time is about one microsecond, and then the total time to reach equilibrium, depending upon the length of the tube and the pressure ratio, is in the range from a few up to one hundred microseconds.
B. Temporal evolution of pressure in the chambers (macromodel)
By making a mass balance, the temporal evolution of the masses of the gas in the two chambers are defined by the ordinary differential equations as
where M A t ð Þ and M B t ð Þ is the mass of the gas at time t in the containers A and B, respectively, and _ M t ð Þ is the mass flow rate of the gas moving in unit time from vessel A to B, estimated by the kinetic solver. By substituting in Eq. (5), the mass of the gas in each container according to the equation of state
and the mass flow rate according to Eq. (3), the following ordinary differential equations, describing the pressure evolution in chambers A and B, respectively, are obtained:
The above ordinary difference equations with the initial conditions
B describe the time evolution of the pressure in the upstream and downstream reservoirs. The dimensionless flow rate W t ð Þ is computed from the kinetic solver, while the temperature evolution must be given from a supplementary thermodynamic relation (e.g., isentropic processes in the chambers).
It is convenient to introduce the dimensionless quantities
A are the reference pressure and temperature and
is the reference characteristic time. Equations (7) in dimensionless form, with the corresponding initial condition, are rewritten as
This set of equations does not depend on the type of the gas, while its dependency on the tube geometry is intrinsically introduced through W. Since W t Ã ð Þ depends on the pressure, this is a set of two nonlinear ordinary differential equations, and it is solved numerically by a typical integration solver to compute the pressure temporal evolution in the two chambers. The proposed simple macromodel is valid provided that the assumption of uniform conditions in the chambers at each time step is justified.
C. Coupling
As it seen from the above description, the estimation of the dimensionless flow rate through the tube depends on the conditions in the chambers, while the estimation of the pressure in the chambers depends on the dimensionless flow rate and therefore the two models are coupled. However, the coupling of the two models in a fully implicit manner is computationally very expensive and impractical.
It is noted that in order to obtain kinetic results of acceptable error the numerical time step in the micromodel is about one hundred of the characteristic time, i.e., dt ¼ 0:01 Â t m , while the size of the inlet and outlet volumes must be defined approximately as 16, 17, 29, 30 The involved overall CPU time, when the kinetic code is running on a single processor, depending on the flow parameters, is from several hours up to few days or weeks. It is clear that solving solely with the kinetic model the whole domain including the whole volume of chambers A and B, which may be several orders of magnitude larger than the computational domain implemented in the kinetic solver, is computationally a formidable task.
The ratio of the characteristic times of the macro over the micromodel, given by Eqs. (9) and (4) respectively, is
Therefore, as long as the characteristic dimension of the chambers (e.g., a length equal to the cubic root of its volume) is one order of magnitude larger than the radius of the tube, the characteristic time in the chambers will be several orders of magnitude larger than the characteristic time in the tube. Then, when a change is induced, the microsystem relaxes to its equilibrium state much faster than the macrosystem and processes occurring at the microlevel are loosely coupled to the ones at the macrolevel. This means that the applied time and space scale separation between the two models as well as the quasisteady response of the micro to the macrostate are reasonable and will provide results of acceptable error. 38 In addition, the imposed parameters must allow the assumed uniform conditions in the chambers.
The hybrid model is simple and works as follows: For the purposes of the present work, a dense kinetic database of stationary flow results has been constructed over a wide range of all input parameters. Based on this database, the hybrid model has been implemented for several flow configurations described in Sec. IV. Whenever is needed, an interpolation between the available data in the database is performed. In general, the present hybrid model, due to the proposed simple coupling process, is suitable in the cases of smooth variation of pressure in the upstream and downstream vessels. In the case of abrupt pressure changes, a more complex implicittype coupling scheme will be needed to properly capture the dynamic behavior of the system.
IV. RESULTS AND DISCUSSION
The above methodology has been applied to simulate gas expansions assuming (1) isothermal and (2) isentropic conditions in the chambers. The dependency of the results on the initial pressure ratio, the initial Knudsen number, and the dimensionless tube length is analyzed. The evolution of the macroscopic quantities is predicted, and a parametric analysis is performed. Results are provided in dimensionless and dimensional form for the cases of V B ) V A and V B ¼ V A .
A. Isothermal expansion
In this process, it is assumed that T 
where W t Ã ð Þ is obtained at each t Ã from the kinetic solver modeling purely pressure driven stationary flow through a tube. The temporal evolution of the flow is simulated until the pressure difference between the two chambers is reduced to 1% of the initial pressure difference, i.e.,
The time at which condition (13) is fulfilled is called equilibrium time, and it is denoted by t It is seen that as the initial pressure ratio is decreased, i.e., the initial pressure difference is increased, the corresponding flow rates are also increased, and therefore the pressure gradient with respect to time is stiffer. The flow rate tends to zero as time is increased for all pressure ratios except p 0 ð Þ B =p 0 ð Þ A ¼ 0, in which case it tends to the corresponding nonzero steadystate solution in the free molecular limit. 16 Also, as p
is decreased, the time t Ã eq to reach equilibrium is increased, which is due to the larger difference between the initial and equilibrium pressures.
The effect of the initial Knudsen number is shown in Fig. 3 , where the p A t reach equilibrium. This is due to the fact that, in general, the flow rate is reduced as the gas rarefaction is increased.
Next, the dependency of the flow on the dimensionless tube length is shown in Fig. 4 , where p A t In all cases, as the tube length is decreased, the pressure gradient with respect to time is increased, since the flow rate becomes faster. Also, the time t Ã eq to reach equilibrium is increased as the tube length is increased, since in longer tubes the flow speed is decreased and more time is needed to reach equilibrium. It is noted that the flow rates W t Ã ð Þ are computed based on DSMC and deterministic nonlinear kinetic modeling for L=R 5, while for L=R ¼ 10; 20 ½ linear fully developed kinetic modeling is implemented.
The case of having two chambers of about the same volume is considered next by taking V B ¼ V A . In this case, there is pressure variation in both chambers. Equations (12) To have a more detailed view of the equilibrium time t Ã eq , which is a quantity of main importance, tabulated results are provided in Tables I and II 
B. Isentropic expansion
In this process the temperature changes of the gas in the two chambers are determined by the isentropic condition
where c is the heat capacity ratio of the gas. Initially, it is assumed that T
The corresponding expressions in dimensionless form are
with s i 0 ð Þ ¼ 1 and by taking the time derivative it is easily deduced that Then, Eqs. (10), for the case of isentropic expansion, are reduced to dp A dt Ã ¼ Àc (15), respectively, while the flow rate from the kinetic solver. The corresponding equilibrium times are tabulated in Table III . In all cases, monatomic gases are considered, and thus, c ¼ 5=3. In general, the dependency of pressure and flow rate variation with respect to time is similar to the case of isothermal flow, while t Ã eq in the isentropic process is slightly smaller than the corresponding one in the isothermal process. The presented results are indicative for other initial pressure ratios and dimensionless tube lengths.
As it is stated before, in the case of V B ) V A , there is no pressure variation in the chamber B with respect to time and then from Eq. (15) it is readily deduced that there is no temperature variation as well and the flow is driven purely due to the pressure difference. In contrary, in the case of V B ¼ V A , there is a pressure and then a temperature variation according to Eq. (15) in chamber B. As a result, the temperature at each time step in the two chambers will be different, and in addition to the pressure driven flow, there is a temperature driven flow, well known as thermal creep flow. A suitable kinetic solver, as the one described in the paper, 41 must be implemented to accurately estimate at each time step the flow rate W.
C. Isothermal and isentropic expansion of helium and xenon
Concluding this section, some dimensional results are provided for two monatomic gases, namely, helium (He) and xenon (Xe). These gases, having molecular molar masses m He ¼ 4:0026 g/mol and m Xe ¼ 131:30 g/mol, are representative in order to distinguish the different flow characteristics between light and heavy gases. In all cases presented here, the volume of chamber A is V A ¼ 3 L, the initial upstream pressure is P À6 s and 2:6 Â 10 À6 s, respectively, while based on Eq. (9) the corresponding characteristic macrotime t M is 10:9 s and 62:3 s. The ratio of t M over t m is about 24 Â 10 6 . The sizes of the chambers and the tube have been chosen such that to match the ones of an experimental set up which is under way with the objective to perform timedependent gas expansion measurements in the short future. In parallel, the provided results are indicative for related geometries.
In Table IV , the equilibrium time t Ã eq is tabulated for the case of isothermal conditions in the chambers. In the first column, the initial pressures P It is seen that with the initial pressure varying from 0:1 to 10 3 Pa, the initial Knudsen numbers are in the whole range of gas rarefaction, varying from the viscous down to the free molecular regime, with the initial Knudsen numbers of He to be much higher than the corresponding ones of Xe. In both gases, as the initial pressure is reduced and the Knudsen number is increased, i.e., the gas rarefaction is increased, the values of the equilibrium times are increased.
This has been also observed in the dimensionless results. Here, it is seen that the time needed to reach steady-state conditions in the case of Xe is much larger than that of He. In particular, it is seen that t Ã eq for Xe is about three to six times larger than the corresponding one for He. This is attributed to the corresponding initial Knudsen numbers which are much smaller for He making the flow conditions more rarefied.
The equilibrium times for the case of isentropic conditions in the chambers with V B ) V A and the same parameters both for He and Xe are provided in Table V . Comparing these results with the corresponding ones in Table IV , it is seen that in high initial pressures, t Ã eq is smaller when the conditions in the chambers vary according to the isentropic law. However, for smaller initial pressures, i.e., in more rarefied conditions, the equilibrium times for both isothermal and isentropic processes are very close.
V. CONCLUSION
A hybrid model is implemented to investigate the timedependent gas expansion from a high pressure chamber through a tube toward a low pressure chamber under rarefied conditions. Since in many occasions the volume of the chambers is much larger than that in tube a space and time scale separation is introduced. At each time step, a microstationary kinetic model computes the flow rate through the tube and then a simple macromodel based on the mass conservation principal provides the updated pressure and temperature in the chambers. The error introduced by the quasistate response of the micro to the macrostate is acceptable since the time needed for the microsystem to relax is several orders of magnitude smaller than the relaxing time of the macromodel.
The temporal evolution of pressure and temperature in the chambers, as well as of the mass flow rate through the tube up to the point where the system is very close to equilibrium is computed and analyzed. It has been found that the time t Ã eq needed to reach the stationary state is increased as the length of the tube and the initial pressure difference between the chambers are increased. Also, as the initial gas rarefaction is increased, the equilibrium time is monotonically increased when the dimensionless tube length is L=R 5, while for L=R ! 10, it appears a maximum for Knudsen number equal to one, which is related to the so-called Knudsen minimum in the case of long tubes. In addition, the provided dimensional results clearly indicate that for the same tube length, initial pressure and initial pressure difference, t Ã eq is increased as the molecular mass of the gas is increased.
It is hoped that the present work will be helpful in the design and optimization of the dynamic response of vacuum gauges and other processes in various devices. A comparison of the present numerical results with measurements will be very useful and it is planned to be performed in the short future in a calibration facility at PTB. It is also planned to introduce more advanced coupling between the micro and macromodels in order to further improve the efficiency and applicability of the whole approach.
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